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Abstract 

We consider a branching-selection particle system on the real line, introduced by Brunet 
and Derrida in [S]. In this model the size of the population is fixed to a constant N. At each 
step individuals in the population reproduce independently, making children around their 
current position. Only the N rightmost children survive to reproduce at the next step. Berard 
and Gouere studied the speed at which the cloud of individuals drifts in [3], assuming the 
tails of the displacement decays at exponential rate; Berard and Maillard [1] took interest in 
the case of heavy tail displacements. We take interest in an intermediate model, considering 
branching random walks in which the critical spine behaves as an a-stable random walk. 


1 Introduction 


Let C be the law of a random point process on R. Brunet, Derrida et al. introduced in [ii a 
discrete-time branching-selection particle system on K in which the size of the population is limited 
by some integer N. This process evolves as follows: for any n S N, every individual alive at the 
generation dies giving birth to children around its current position, according to an independent 
version of a point process of law C. Only the N children with the largest position are kept alive 
and form the (n + I)*** generation of the process. We write {x^ (1), ■ ■ ■ ,x^ (iV)) for the positions 
at time n of individuals in the process, ranked in the decreasing order. This process is called the 
N-branching random walk, or A-BRW for short. 

In [3], Berard and Gouere proved that under some appropriate integrability conditions, the 
cloud of particles drifts at some deterministic speed 


T (1) ,• ^ni^) 

vn ■= hm -= hm - a.s., 

n—>-+oo fi n^+oo 77 


( 1 . 1 ) 


and obtained the following asymptotic behaviour for vn 


C 


'^00 '^N 


Af->-l-oo (logiV)^’ 


( 1 . 2 ) 


in which C is an explicit positive constant that depends only on the law C. Their arguments are 
based on precise computations of branching random walk estimates, and a coupling argument that 
we recall in Section O 

A branching random walk with branching law £ is a process defined as follows. It begins with 
a unique individual located at position 0 at time 0. At each time fc £ N, every individual alive in 
the process at time k dies giving birth to children. The children are positioned around their parent 
according to i.i.d. point processes with law C. 

We write T for the genealogical tree of the process. For u G T, we denote by V(u) the position 
of u, by |u| the time at which u is alive, by ttu the parent of u (provided that u is not the root of 
T) and by Uk the ancestor alive at time k of u. We set il{u) the set of siblings of u i.e. the set of 
individuals u £ T such that irv = ttu and v ^ u. We observe that T is a (random) Galton-Watson 
tree with reproduction law 
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We list assumptions made on the point process law L. We write L for a point process with law 
£. We assume that the Galton-Watson tree T is supercritical and survives a.s. 

E[#L]>1 and P (#L = 0) = 0. (1.3) 

Note that if (irnD does not hold, then the iV-BRW dies out almost surely. We suppose the point 
process law £ to be in the stable boundary case in the following sense: 


E 



= 1 , 


(1.4) 


and the random variable X defined by 


F{X < a;) = E 


J€L 


(1.5) 


is in the domain of attraction of a stable random variable Y verifying P(y > 0) G (0,1). Note 
that if E(|X|) < + 00 , this assumption implies E(X) = 0. In that case, C is in the boundary case 
as defined in Up to an affine transformation several point process laws verify these properties, 
adapting the discussion in [13 Appendix A] to this setting. 

The following result, that gives a necessary and sufficient condition for X to be in the domain 
of attraction of Y, can be found in m Chapter XVII]. Let a G (0, 2] be such that Y is an a-stable 
random variable verifying P(V > 0) G (0,1). We introduce the function 

L* :x^x^-^E[yH[\y\<cc}]- (1.6) 

This function is slowly varying. We set 

bn = inf ja: > 0 : ■ (1-’^) 

The random variable X is in the domain of attraction Y if and only if writing (5'„) for a random 
walk with step distribution with the same law as A, converges in law to Y. 

Ofi 

As Y is an a-stable random variable, there exists an a-stable Levy process (It, t > 0) such that 
Yi has the same law as Y. Using [T3 Lemma 1], we define 

C, := lim -ylogP (|T;| < i,s < t) G (0,-l-oo). (1.8) 

t-t-l-oo t \ 2 J 

The next integrability assumption on C ensure that the spine of the branching random walk 
(see Section 2.1) behaves as a typical individual staying close to the boundary of the process: 


lim ^ , , 
x-t+oo L*{x) 


E 








) >x-|-^ I 


= 0 . 


(1.9) 


Finally, we assume that 



2" 

max£ 

tGL 



< -foo. 


( 1 . 10 ) 


this condition is not expected to be optimal but is sufficient to bound from below in a crude way 
the minimal position in the V-BRW. 


Theorem 1.1. Under the previous assumptions, for a N-BRW with reproduction law C, the se¬ 
quence {vn,N > 1) defined in (|1.2I1 exists and verifies 

L*{logN) 

VN ^ —l-yr—r, -TTT—. 

Af->-l-oo (logV)“ 

^i.e. for all A > 0, limt_>+oo ~ 
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We observe that if £ satisfies 


E 


-l-E 



V^'ei / 


JeL 


( 1 . 11 ) 


then Theorem 11.11 implies that (11.21) holds with C = ^ E i which is consistent with the 

result of Berard and Gouere 


Examples. We present two point process laws that satisfy the hypotheses of Theorem ll.il Let 
X be the law of a random variable on (0, Tcxa). We write A(0) for the log-Laplace transform of X. 
We assume there exists 0* > 0 such that A(0*) = log2, and a > 1 verifying 

P(X > x) - 

In this case, there exists ^ := E (Xe® /2 such that the point process £ defined as the law of a 
pair of independent random variables (Yi, Y 2 ) which have the same law as 9*{X — fi) satisfies the 
hypotheses of Theorem 11.11 

Let z/q, be the law of an a-stable random variable Y such that P(Y > 0) S (0,1). If £ is the 
law of a point process on R with intensity v{dx)e~^, then £ satisfies assumptions of Theorem ll.il 
and the spine of such a branching random walk is in the domain of attraction of Y. 

The rest of the article is organised as follows. In Section [21 we introduce the spinal decomposi¬ 
tion, that links the computation of additive branching random walk moments with random walks 
estimates; and the Mogul’skii small deviations estimate for random walks. In Section [31 these 
results are used to compute the asymptotic behaviour of the survival probability of a branching 
random walk with a killing line of slope —e, using the same technique as m- This asymptotic is 
then used in Section 0] to prove Theorem 11.11 applying the methods introduced in [3] . 


2 Spinal decomposition and small deviations estimate 


2.1 The spinal decomposition 

The spinal decomposition is a tool introduced by Lyons, Pemantle and Peres in m to study 
branching processes. It has been extended to branching random walks by Lyons in m- It provides 
two descriptions of a law absolutely continuous with respect to the law Pq , of the branching random 
walk (T, V + a). We set Wn = '^\u\=n and Xn = (j{u, V{u), |m| < n) the natural filtration on 
the set of marked trees. By (II.4L {Wn) is a non-negative martingale. We define the probability 
measure Pa on Xoo such that for any n e N, 


dFg 

dFa 


= e-“Wa. 


( 2 . 1 ) 


We write Ea for the corresponding expectation. 

We construct a second probability measure Pa on the set of marked trees with spine. For (T, V) 
a marked tree, we say that w = {wn, n € N) is a spine of T if for any n G N, |w„| = n, G T 
and {wn)n-i = Wn-i- We introduce 


dC 




( 2 . 2 ) 


another point process law. The probability measure Pa is the law of the process (T, V) w) con¬ 
structed as follows. It starts at time 0 with a unique individual wq located at position a. It makes 
children according to a point process of law £. Individual wi is chosen at random among children 
u of wi with probability - Vm- each generation n G N, every individual u in the 




i'>i= 


generation dies, giving birth to children according to independent point processes, with law £ if 
u = Wn or law £ otherwise. Finally Wn+i is chosen among children v of Wn with probability 
proportional to To shorten notations, we write P = Pq, P = Pq. 
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Proposition 2.1 (Spinal decomposition). Under assumption (11.41) . for any n G N, we have 


.F„ 



Moreover, for any z G T such that \z\ = n, 

^ n ) — ~~\77 ’ 

tin 

and (V(wn),n > 0) is a random walk starting from a, with step distribution defined in (11.511 . 

A straightforward consequence of this proposition is the many-to-one lemma. Introduced by 
Peyriere in [20j . this lemma links additive moments of the branching random walks with random 
walk estimates. Given (X„) an i.i.d. sequence of random variables with law defined by (ll.5|l . we 
set Sn = So + s'^ch that Pa (-So = a) = 1. 

Lemma 2.2 (Many-to-one lemma). Under assumption (11.411 . for any n > 1 and measurable non¬ 
negative function g, we have 



Ea 5]y(U(wi),-- 
\u\—n 

■VM) =Ea [e“-^"y(5i,-- 

5n)] . 

Proof. We use Proposition [53] to compute 


Ea 

y(n«i),---U(w„)) 

|u|=n 

= Ea 

gi^Mr-viun)) 

” | 2 |=n 




= Ea 

e“ ^ Pa(w;„ = u|J-„)e-^(“)y(U(ui),---U(u„)) 



= Ea 


. 


We now observe that (5'„,n > 0) under Pa has the same law as {V{wn),n > 0) under Pa, which 
ends the proof. □ 

The many-to-one lemma can be used to bound the maximal displacement in a branching random 
walk. For example, for all y > 0, we have 


^{yiu)>y}^{Viuj)<yJ<\u\} 

+ 00 

= E® 


.u^T 

k^l 

|u| —fc 


+ 00 

k^l 

+ 00 

<e-yY.FiSk>y,Sj<y,j<k) 

k=l 

< e-y. 


By the Markov inequality, this computation leads to 

supP(M„ > y) < P ( supM„ > y ) < e“^. (2.4) 

ngN VneN / 

Using the spinal decomposition, to compute the number of individuals in a branching random 
walk who stay in a well-chosen path, it is enough to know the probability for a random walk 
decorated by additional random variables to follow that path. 
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2.2 Small deviations estimate and variations 

Let S' be a random walk in the domain of attraction of an a-stable random variable Y. We recall 
that 

b°‘ 


L*(u) = u“ ^ E(yi{|y|<„}) and 


= n. 


L*{hn) 

For any 2 G R, we define Pz such that S under law P^ has the same law as S + z under law P. The 
Mogul’skh small deviation estimate enables to compute the probability for S to present fluctuations 
of order o(bn). 


Theorem 2.3 (Mogul’skh [IB]). Let (a„) G 


be such that 


lim an = + 00 , lim -— = 0 . 

n—>-+oo n—^+00 0^ 

Let f < g be two continuous functions such that /(O) < 0 < 5 ( 0 ). If]P{Y < 0) G (0,1) then 


lim " —- log P 

ra^+00 nL*[an) 

where (7* is defined in (HI). 


[/(^), 5 (^)] , 0 <j<n 


= -c* 


ds 


Jo (5W-/(s))“’ 


This result can be seen as a consequence of an a-stable version of the Donsker theorem, obtained 
by Prokhorov. This result yields the convergence of the normalized trajectory of the random walk 
S to the trajectory of an a-stable Levy process (Yt, t G [0,1]) such that Fi has the same law as Y. 

Theorem 2.4 (Prokhorov theorem [21jL If converges in law to a stable random variable Y, 
s ” 

then the process ( , t G [0,1]) converges in law to {Yt,t G [0,1]) in X>([0,1]) equipped with the 

Skorokhod topology. 

We observe that the Mogul’skh estimate holds uniformly with respect to the starting point. 
Corollary 2.5. With the same notation as Theorem \2.3\. we have 


lim ^ f , 
n-f-l-oo nL*[an) 


log sup Pjy 


e[/(^),5(^)],0<J< 


= -C* 


ds 


'0 (ff(s) -/(■s))“' 


Proof. Observe in a first time that if ?/ 0 [a„/(0), a„( 7 ( 0 )], then 


e[m),5(^)],o<j< 


= 0 . 


We now choose 5 > 0, and write K = 


9(0)-/(0) 

s 


we have 


sup Py 

j/GR 


G [/(^), 6'(^)],0 < j < n 




where 


nx,x'(/:5)= sup 


2 / 6 [. 


xan,x' a-n 


^G[/(^), 5 (^)], 0 <j< 






G ifii) - 2 ;', 5 (^) -a ;],0 <j<n 


Therefore, for all fc < iG, we have 


ds 


(M-m+sr 

which leads to 


hmsup C" logsupP e [/(i),g(i)],o < j < n 

n-i.-1-oo nL*{an) yGR 


< -Ch. 


ds 


'0 (ff(s) - /(s) + <5)" 


Letting <5^0 concludes the proof, as the lower bound is a direct consequence of Theorem 12.31 □ 
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Using an adjustment of the original proof of Mogul’skii, one can prove a similar estimate for 
enriched random walks. We set a sequence of i.i.d. random variables on K. x IR.+ , with 

Xi in the domain of attraction of the stable random variable V, such that P(y > 0) S (0,1). We 
denote by Sn = Sg + Xi + • • ■ + which is a random walk in the domain of attraction of Y. The 
following estimate then holds. 


Lemma 2.6. Let (an) G be such that lim„_>+oo = 0. We set En 
assume that 


lim 

n—^+co 


L*(a„) 


P(Ci >n)=0. 


{Cj ^ n-jj £ n-} o.iT'd we 


(2.5) 


There exists C* > 0, given by (11.811 . such that for any pair {f,g) of continuous functions verifying 
f < g, for any /(O) < x < y < g(0) we have 


lim - j —- log inf ] 

n->+oo nL*(an) zG[xan,yan] 




G \_f j/n^ 9j/n\ •> j — n^Ej 



ds 

(gis) - /(s))“ 


Proof. We assume in a first time that f,g are two constant functions. Let n>\, f<x<y<g 
and f < x' < y' < g, we denote by 


P^f{f,9)= inf 

ze[x,y] 


— G [x',y'], — G [f,g],j < n,E, 


Let A > 0 and = 






( 2 . 6 ) 

intervals of length r„. For any 


We divide [0, n] into K = 
k < K, we set and mK+i = n. Applying the Markov property at time tuk, ■ ■ ■ nii, and 

restricting to trajectories which are, at any time in [x'am y'cin], we have 


ty\f,9) > (<',y'(/,5)) 


K 


(2.7) 


where we set 


,y 

x,y 


if.g) 


inf 

zG[x,y] 



g. 

G {x\y'], — G [f,g],j < 

Ojn. 



Let (j > 0 be chosen small enough such that M = > 3. We observe easily that 


nf (f,g) > min ^ . _i_n.^(/)5) 

x,y — Q<^<^ x+mS,x+{m+l)SW J OJ 

> min + (m + 1)6, g + (m - 1)5). (2.8) 

0<m<M ’ 


Moreover, we have 

T^x,x\f,9) =^xa^ (— G[x' ,y'],^ G [f,g],Er.^'\ 

\ / 

> ]Pxa„ (— G [x',y'], — G [f,g]) - rnP(Ci > n). 

By (12.51) . lim„_,.+oo r„P(^i > n) = 0. Applying Theorem 12.41 the random walk , t G [0,A]) 

converges as n —>■ +oo under law to a stable Levy process {x + Yt,t G [0, A]) such that Yi has 
the same law than Y. In particular 

liminfTT^y (/, 5 ) > Fx;{Ya G (x' ,y'),Yu G {f,g),u< A). 

n—¥-\-oc ’ 


Using (EHl), we have 


lim inf tt^ 

n^+oo 


'{f,9) > 


min F,x+ms{YA G {x' + 5, y' 

0 < m<M 


5), Yu G {f + S,g - 6),u < A). 
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As a consequence, recalling that K 


(EZI) leads to 


lim inf- 7 —- 

n ^+00 nL*(an) 


logPl^y (/,g) 


1 

> — min 
A 0<m<M 


log Pa: +ms(yA £ (x' + S, y' 


S),Yu £ if + 6,g - 6),u < A). (2.9) 


By m Lemma 1], we have 


lim ilogP,,(rt G {x',y'),Ys £ {f,g),s < t) = - 
t^+oo t [g - /)“ 

where C* is defined by ()1.8D . Letting A —>■ +oo then 5 —>• 0, ()2.9I1 yields 


a 


l™inf " ' log-P,"',/ if,g) > -K 

H -+00 nL*(a„) [g-J) 


( 2 . 10 ) 


which is the expected result when /, g are two constants. 

In a second time, we consider two continuous functions f < g. Let /(O) < x < y < g{0). 
We set h a continuous function such that f < h < g and h{0) = Let e > 0 such that 

6s < inftg[oq] min(gt — ht^ht — ft). We choose A > 0 such that 

sup \ft-fs\ + \gt-gs\ + \ht-hs\<s. 


and for a < A, we write rua = \an/A\ and la ,a = [fa/A +£:ga/A “£]■ We define Jo,a = [x,y], and 
for 1 < a < A, Ja,A = [ha/A ~ £) ha/A + ^]- Applying the Markov property at times niA-i, • ■ •, mi, 
we have 


z^[xa. 


inf ^ e [fj/n:9j/n] ,j < n, En] 

■an,yan] / 


A-1 


> TT inf Pa;a„ 

xeJa.A 

a—0 


^rria+i r ^ 1 t ■ ^ 

^ ^ a+l,Al j ^ ^a,A^ J ^ ^a+1 5 -^rria+i —rric 

dr). dr), 


Therefore, using equation ( 12 . 101 ) . we have 

/S- \ 1 

■ logP -A- e ,En,j <n) > y] C'* 


. nL*{an) , TO (^*^1 
hmmf-^ ™ ' 

n->+oo a° 


a—0 


{9a,A - fa,A “ 2 £)“ ‘ 


As the upper bound is a direct consequence of Theorem l2.3l we let A —>• +00 and e —>■ 0 to conclude 
the proof. □ 


3 Branching random walk with a barrier 

Let (T, V) be a branching random walk with reproduction law C satisfying the hypotheses of 
Theorem ll.il We study in this section the asymptotic behaviour, as n —>■ +00 and £ —> 0 of the 
quantity 

g(n, s) = P (3|u| = n :Vj < n, V(uj) > —ej). (3.1) 

The asymptotic behaviour of g{oo,e) has been studied by Gantert, Hu and Shi in [ 12 ] for a 
branching random walk with a spine in the domain of attraction of a Gaussian random variable. 
They studied the asymptotic behaviour of g(,n,e) for £ « . Using the same arguments, we 

obtain sharp estimates on the asymptotic behaviour of g{n,e) for s « 0A{n)n~ “+i, where A is a 
well-chosen slowly varying function. 
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We apply the spinal decomposition and the Mogul’skh estimate to compute the number of 
individuals that stay at any time k < n between curves anf{k/n) and ang{k/n), for an appropriate 
choice of (an), f and g. We note that 


E 


\u\—n 


— E [e "l{Sje[a„/(j/n),a„g(j/n)j<ra}] 

~ G [anf(j/n),ang(j/n)],j < n) 

f nL*(an)^ 

Ri exp -a„ 5 (l)--—a 


ds 


0 - fs)'' 

This informal computation hints that to obtain tight estimates, it is appropriate to choose a 
sequence (a„) satisfying a„ , and functions / and g verifying 


/■* ds 

Vt G [0, l],g(t) + C* = g(0), 


(3.2) 


However, instead of solving explicitly g^ = —C^:(gt+dt) “ as a function of (t, 9), we use approximate 
solutions for (1S3). 

For n G N, we define 

a„ = inf x > 0 : 

[ L*(x) 

and we introduce the function 



(0, +oo) 
A 



R 

c. 


A 

a+l ■ 


(3.4) 


Note that 4) is a C°° strictly decreasing function on (0,+oo), that admits a well-defined inverse 
The main result of the section is the following. 

Theorem 3.1. Under the assumptions of Theorem M.ll for any 9 > 0 we have 

—< liminf — log g (n, 9—\ < limsup — log g (n, 9—\ < —4>“^(0). 
gi - n^+oo a„ V ’ n J - n^+oo an \nJ- 


Remark 3.2. For any /r > 0 we have g°+^an, by inversion of regularly varying 

functions. Consequently, Theorem 13.II implies that for any 0 > 0, 


- 1 


< liminf — loge f {9/C^) “ nLc*—) 
n^+oo Qji VL J n / 

< limsup — log£<f (0/C*)“^n I, C*—] 

n—v-l-no dn ' L -I Tl / 


< - 


6 »i$-i( 6 i) 

T ■ 


(3.5) 


As lim6(_i.+oo 4>“^(0) = (7,“ , this leads to 

lim liminf — log p f [/inj, (7,—) = lim limsup — log p f [/inj, (7,—) = —1. (3.6) 

h — TL >^-|-oo Qjfi V TL / h — ^-j-oo —^_(_oq d'fi V Ti ^ 


To prove Theorem 13.11 we prove separately an upper bound in Lemma 13.31 and the lower bound 
in Lemma [S31 The upper bound is obtained by computing the number of individuals that stay 
above the line of slope —9^ during n units of time. 

Lemma 3.3. Under the assumptions of Theorem M.ll for all 9 > 0 we have 

limsup — log £1 (n, 0—') < —4)“^(0). 

n—>^+oo CLfi y 7Z / 
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Proof. Let 6 > 0 and A > 0, we set g : 1—9t + X{l — t) . For j < n, we introduce the intervals 

= [-Oanj/Ti,angij/n)]. 

We observe that 

Q (ji, 0—^ < P = n :\/j < n,V {uj) > —0a„—^ 

< P (3\u\ < n : V{u) > ang{\u\/n),V{uj) e j < |m|) ■ 


Therefore, defining 


\u\<n ^ ^ ’ 


by the Markov inequality we have g (^n,9^) < E(y„). Applying Lemma 1^7^ we have 




k=l 




= Ee 


k^l 


|u|=fc 




{SjeT'‘\j<fc} ^{Sk>a,^g{k/n)} 


n 

< (Sj e j < /c) . 


k=l 


Let A € N, we set ma = \ na/A\ and ga,A = sup^gjo^ o^j 5(s)) we have 

A-l ma+l 


]E(iA) < E E e-®('=/”)“’-P (Sj e j < A:) 

a—0 k—ma-\-l 
A-1 

<nY e-9“-^“"P (S'j G j < ma) , 


a =0 


by the Markov inequality applied at time rria. Therefore, by Corollarv l2.5l we have 


limsup — logE(F„) < max ( —ga,A — C* 

n—>+oo Ojji a<A — l \ 


ds 


lo ( 5 (s)+^s)“y 
< max (-ga,A-C^{a + l) l-(l-a/A)~ V 

Letting A -A- +oo, as g is uniformly continuous, we have 

limsup — log £1 fn, 0—) < sup |0t — A(1 — t) “+t — C*(a + 1) 1 —(1 —t)“+T | 

n—>-+co (^n ^ ^ ^ L J J 


< - 


A+ sup |0t — (a + l)<i)(A) 1 —(1 —t)“+i 
te[o.i] L -I -• 


Note that Am- 1 — (1 — t) “+i is a convex function with slope at t = 0. Therefore, if we 


choose A = $ ^(0), the function t ^ 9t — {a + 1)$(A) 1 — (1 — t)“+i 
As a consequence 

limsup — log£i(n,0—) < — A, 

n—^- 1-00 (In ^ Tl y 


which concludes the proof. 


is concave and decreasing. 


□ 


To obtain a lower bound, we bound from below the probability for an individual to stay between 
two given curves, while having not too many children. To do so, we compute the first two moments 
of the number of such individuals, and apply the Cauchy-Schwarz inequality to conclude. 
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Lemma 3.4. Under the assumptions of Theorem \,V. 11 for all 9 > 0 we have 


liminf — log (n,6—\ > — 

n->+oo an \ n / 0 a 

Proof. For m G T, we introduce f{u) = logX]«6n(u) where 

fl{u) = {v € T : TTv = TTu and v ^ u} 
is the set of siblings of u. Note that (HSl) implies 

a;" 


lim , . ,. 
x^+co L*[x) 


> a:) = 0. 


Let 0 > 0, A > 0 and <5 > 0. For j < n, we set = [—On^j'/n, a„(A — 6j/n)] and 

1^1=71 


We observe that 


Q (ji, 9—^ >P(3|m|=?t.:F {uj) > —andj/n,j < n) 

> P (3\u\ = n : V{uj) G < nj > P (W„ > 1), 

thus by the Cauchy-Schwarz inequality, g (n, 6^) > 

In a first time, we bound from below E(X„). Using ProDOsition l2.ll we have 


E(Xn) = E 


= E 


= E 


|iA|=n 


\u\—n 

^ {v(wj)eP"-\j<nj^{i(wj)<Sa„,j<n} 


|u|=n 
-V{wn) 


(3.7) 


Let £ > 0, we have 

E(X„) > E 


-V{Wr,)y 


> e 


{9—£)a 


V{Wn) < {-9 + s)an,V{Wj) G < Sonjj < 


We introduce 0 < a; < y and A > 0 such that P(U(rci) G [a;,y],^(wi) < A) > 0. Applying the 
Markov property at time p = [£a„J, for any n > 1 large enough we have 


V{Wj) G < SttnJ < 


G < SonJ <n-p 


> P(U(r(;i) G [x,y],^(ici) < A)*’ inf ] 

z^[xean,ysan] 

As (|3.7I1 holds, we apply Lemma I^IHI 

liminf— log E(A„) >9-e-^ + £ logP(U(?«i) G [x,j/],^(wi) < A). 

n->+oo On A 


Letting £ ^ 0, we have 


liminf— logE(A„) >9-^. 

rt^+oo On A 
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To bound from above the second moment of we apply once again the spinal decomposition, 


V " \u\=n ^ / 




,-V{u 

|ii|=n 

= E f 


< e®“”E 


{v(wj)Gl^.'‘\j<n'^ ^{iiw3)<San,j<n} 


We decompose the set of individuals counted in Xn under law P according to their most recent 
common ancestor with the spine w, we have 

n 

where u' >u means u' is a descendant of u and 

\u' \—n^u''>u 

Let k < n and u G n{wk)- Conditionally on the subtree rooted at u with marks C is a 
branching random walk with law Py(„), therefore 


E 


(A(u)l g) < Ev(u) I ^ l{y(.')g/W .,<n-fe} J 

\ |u'|=n —fe j 




< supP, (Sj e J <n-k). 

zgR \ / 

Let A e N, we set nia = \ na/A\ and 

'^a,A = supP^ (Sj e <n- ma) . 

For any k < rua+i and u G il{wk), we have E(A(u)|0) < a+i,A, thus 


E 


m<i+l 


k—rria + l u^^{wk) 


rMa+1 

< E ® 

fe=;ma + l 




ma+i 


E^'a+l.Ae®^" ^ E 

k—ma-\-^ 


Consequently, applying Corollary 1 2. 51 as soon as 0 > % we have 




limsup — logE(Jf^) < max A + (2 — a/A){9 — + 5 

n—>■+00 ^71, a<A A*^ 

< A + 26» - 2^ + A 
A“ 
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Using the first and second moment estimates of Xn, we have 

liminf — log gin, 9—\ > —A — 5. 
rt^+oo an n / 

Letting <5^0 and A —>■ concludes the proof. □ 

Remark 3.5. If we assume to be a pair of functions solution of the differential equation 

using similar estimates as the ones developed in Lemmas 13.31 and 13.41 we prove that for all 0 G K 

lim — logp (n,0—] =- 5 ®( 0 ). 

ra^+oo Qn V n / 

Theorem ED is used to obtain bounds for g^{0) admitting a closed expression, that are precise 
for large 9. Using similar methods, applied to different functions, we also obtain estimates on the 
behaviour of g^{0) for small values of 9, namely 

lim g^{0) = ((a + . 


4 Speed of the iV-branching random walk 


In [3], to prove that lim„_>-|_oo(logfV)^nAr = C for a branching random walk in the usual boundary 
case, the essential tool was a version of Theorem l3.ll found in [T3] . The same methods are applied to 
compute the asymptotic behaviour of uat under the assumptions of Theorem ll.il Loosely speaking, 
we compare the iV-BRW with N independent branching random walks in which individuals crossing 
a linear boundary with slope —vn defined by 


vn := 




L*(logA^) 

(logiV)“ 


(4.1) 


By (|3.fill . for any h > 0 large enough and > 1 large enough, g ~ X- Conse¬ 
quently, is expected to be the correct time scale for the study of the process. 

We start this section with a more precise definition of the branching-selection particle system 
we consider. We introduce additional notation that enables to describe it as a measure-valued 
Markov process. In Section 14.21 we introduce an increasing coupling between branching-selection 
particles systems, and use it to prove the existence of vn- Finally, we obtain in Section 14.31 an 
upper bound for vn and in Section a lower bound, that are enough to conclude the proof of 
Theorem ll.il 


4.1 Definition of the iV-branching random walk and notation 

The branching-selection models we consider are particle systems on R. It is often convenient to 
represent the state of a particle system by a counting measnre on R. with finite integer-valued mass 
on every interval of the form [a;,-|-oo). The set of such measures is written A4. A Dirac mass at 
position a; G R indicates the presence of an individual alive at position x. With this interpretation, a 
measure in A4 represents a population with a rightmost individual, and no accumulation point. For 
G N, we write A4n for the set of measures in A4 with total mass N, that represent populations 
of N individuals. If /r G AIat, then there exists (xi,... ,x„) G R^ such that /r = ^xj- 

We introduce a partial order on M'. given /r, G M, we write g ^ v ii for all x G R, 
-l-oo)) < -l-oo)). Note that ii g ^ v then ^(R) < ^(R). A similar partial order can be 

defined on the set of laws point processes. We say that £ £ if there exists a coupling (L, L) of 

these two laws, such that L has law £, L has law £ and 

a.s. 

J&c 
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Let iV G N. We introduce a Markov chain {X:^,n > 0) on A4n that we call the branching 
random walk with selection of the N rightmost individuals, or WBRW for short. For any n > 0, 
we denote by {x^ (1), ■ ■ - x^ (A^)) G the random vector that verifies 

N 

i=i 

Conditionally on is constructed as follows. Let (L^,..., L^) be N i.i.d. point processes 

with law C, we set 

N 

^n+1 = ^ ^ G 

0 = 1 

which is the population after the branching step. We set y = sup{x G K : Y^_^i{[x, +oo)) > N} and 
P = Yj^i{{y, +oo)). We write X^_^^ = + {N — P)5y. The natural filtration associated 

to the 7V-BRW is defined, for n G N, by ’j — ^)- Whereas this is not done here, 

genealogical informations can freely be added to this process; breaking ties in a J^-adapted manner 
to choose which of the individuals at the leftmost position reproduce, and which are killed. 

4.2 Increasing coupling of branching-selection models 

We construct here a coupling between iV-BRWs, that preserves the order This coupling has 
been introduced in [2, in a special case and is a key tool in the study of the branching-selection 
processes we consider. It is used to bound from above and from below the behaviour of the A^-BRW 
by a branching random walk in which individuals that cross a line of slope —vn are killed. In a 
first time, we couple a single step of the 7V-BRW. 

Lemma 4.1. Let 1 < m < n and fi G Mm, Jd G Mn be such that y, ^fi. Let C ^ C be two laws 
of point processes. For any 1 < M < N, there exists a coupling of X^ the first step of a M-BRW 
with reproduction law C starting from p with X(^ the first step of a N-BRW with reproduction law 
C starting from p, in a way that X^ =4 a.s. 

Proof. Let {L,L) be a pair of point processes such that ^ a.s., L has law C and 

L has law C. We set {{Lj,Lj,j > 0) i.i.d. random variables with the same law as {L,L). We 
write p = YT=i and p = X;r=i K in a way that (xj , j < m) and (yj ,j < n) are ranked in the 
decreasing order. We set 

m n 

* — ^ ^ £.i^Li 

We observe that that p^ =4 a.s. 

We set X^ for the M individuals with highest positions in p^ and Xf the N individuals with 
highest positions in p^. Once again, we have Xf^ =4 a.s. □ 

A direct consequence of this lemma is the existence of an increasing coupling between WBRWs. 

Corollary 4.2. Let C ^ C he two laws of point processes. For all 1 < M < N < -|-oo, if 
X^ =4 Xq , then there exists a coupling between the M-BRW (X^) with law C and the N-BRW 
{X^) with law L verifying 

Vn G N, ^ X^ a.s. 

Using this increasing coupling, we prove that with high probability, the cloud of particles in 
the WBRW does not spread. 

Lemma 4.3. Under the assumptions (1131), dill) and (11.1011 there exist C > 0 and a > 0 such 
that for all N >2, y >\ and n > C{\ogN -\- logy), 

FK»(I) - .»(«) >y)<C + 
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Proof. Let n S N and k < n, we bound (1) — from above and (TV) — x^_i.{l) from 

below to estimate the size of the cloud of particles at time n. An appropriate choice of k concludes 
the proof of Lemma 14.31 

We first observe that the WBRW starting from position X^_f. can be coupled with N i.i.d. 
branching random walks ((T-^, V^),j < N) with {T\V^) starting from position in a way 

that 

N 

^ X! X! ^Vpu)- 

i=l ueTi ,\u\=k 

As a consequence, by (I2.4|) . for any y S R and k <n 


>y) max max (u) > y] < Ne ^. (4.2) 

\3<N iieTJ,|u|=fe / 

We now bound from below the displacements in the 7V-BRW. Let L be a point process with 
law C. By (11.31) . there exists R> 0 such that E !{£>-/?}) > 1- We denote by Lr the point 

process that consists in the maximal point in L as well as any other point that is greater than —R. 
Using Corollary 14.21 we couple n > 0) with the A-BRW n > 0) of reproduction law 

£i{, starting from a unique individual located at x^_^(\) at time 0 in an increasing fashion. 

As X^'^ X^, if A^’^(R) = N, then x^’^{N) < x^(N). Moreover by definition of La, the 
minimal displacement made by one child with respect to its parent is given by min(—R, maxL). 
For n S N, we write Qn a random variable defined as the sum of n i.i.d. copies of min(—R, maxR). 
Observe that Qfcw is stochastically dominated by x^’^{N). Consequently 

P {x^{N) - < -y) < P (xf’^(R) < a) + P {Q^n < -y) • 

By (11.101) . we have ^{QkN < —y) < Moreover, the process (A^’^(R),n > 0) is a Galton- 

Watson process with reproduction law given by ffLji, that saturates at time N. Consequently, 
using [TT] results, setting rriR = E(#L/j) and a = have 

. V Ara 

p(Af-»<iv)<C^. 

We conclude that 

ju2 ]\f2 ATCX 

F{x^iN)-x^_,il)<y)<C^ + C— (4.3) 

Combining (|4.2p and (|4.3p . for all y > 1 and k gN we have 


' {x^ (1) - (N) > 2y) < Ne-y + + C 


y^ ' "" TOp“ ' 


Thus, setting k = ’ there exists C > 0 such that for any y > 1 and A > 1 large 

enough, for any n > fc, 


¥{x^{l)-x^{N)>2y)<C 


/ A(logjV + logy) 
V V 


2 


□ 


Applying Lemma 021 and the Borel-Cantelli lemma, for any N > 2 we have 


lim 

n^+oo 


(1) - x^(N) J • rl 

" -——= 0 a.s. and m L\ 
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Lemma 4.4. Under the assumptions (USD, dm) and for any N > 1, there exists tiAr £ K 

such that for all j < N 


„N 


lim ■ 

n—>-+oo 


(j) 


= vn a.s. and in L^. 


(4.4) 


Moreover, if = NSq, we have 


VN 


infill)) 

n>l n 


n>l ^ 


(4.5) 


Proof. This proof is based on the Kingman’s subadditive ergodic theorem. We first prove that if 
Xq = N6o, then {x^ (1)) is a subadditive sequence, and {x^ (fV)) is an overadditive one. Thus 
and converge, and lim„_>+oo = lim„^+oo a-S- by Lemma 14.dl We treat 

in a second time the case of a generic starting value X^ € Mn, using Corollary 14.21 

Let N gN, let ^ N,n >0) he an array of i.i.d. point processes with common law C. We 

define on the same probability space random measures {X^^, 0 < k < n) such that for all m >0, 


(X 

X 


N 

m,m+n ’ 
N 


n > 0) is a X-BRW starting from the initial distribution NSq. For any m > 0, we set 


= NSq. Let 0 < m < n, we assume that X,(^„ = nW’ {^m,nU)) listed in the 

decreasing order, is given. We dehne {x^ n+i(j)) J ^ 0)i again listed in the decreasing order, in a 
way that 

+00 N 

i=i deLi 


and set 

For x £ K, we write (j>x for the shift operator on M, such that +(/r) = fi{. — x). With this 
definition, we observe that for any 0 < m < n we have 




(X, 


N \ 
n,n+m / 




N 

0,n+m 






N \ 
n,n-\-mJ * 


As a consequence, 

Xo,n+mi^) < XQ^ni^) + a;"„+„^(l) and a:^„+„(X) > a;^„(X) + x()[„+„(X). (4.6) 

We apply Kingman’s subadditive ergodic theorem. Indeed for any n > 0, (a:()^„_|_^(l), m > 0) is 
independent of (a:^j(l),0 < k < I < n) and has the same law as (x^^(l),m > 0). Moreover, 
E(|a:^i(l)|) < +00 by (11.101) . As a consequence, (14.61) implies there exists vn verifying 


x-N 

•^ 0 ,Tt 

lim - 

I—>' + 00 


( 1 ) 


n 


= vn a.s. and in L^, 


and vn = infneN 


5^^+^. Similarly, lim„^+oo = sup„gi^ g(^o,n(^)) which 

proves that (13.51) is verified. Moreover, by Lemma these limits are equal. 

We now consider the general case. Let {X^, n > 0) be a X-BRW. We couple this process with 
and two X-BRWs stating from and X(5,j.N(Af) respectively, such that for all n £ N, 

Zff 4 Xff 4 L;". We have 

Vj < X, z^{N) < x"(X) < (j) < x(r(l) < 2/(r(l). 


We conclude that for any j < N, lim„^+oo 


U) ^ 


Vn a.s. and in L^. 


□ 


We now study the asymptotic behaviour of uw as X —>■ +oo. We couple the X-BRW with 
a branching random walk in which individuals are killed below the line of slope —vn- Applying 
Theorem 13.11 we derive upper and lower bounds for vn- 
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4.3 An upper bound on the maximal displacement 

To obtain an upper bound on the maximal displacement in the A'^-branching random walk, we link 
the existence of an individual alive at time n that made a large displacement with the event there 
exists an individual staying above a line of slope —vn during rriN units of time in a branching 
random walk. The following lemma is an easier and less precise version of [31 Lemma 2], that is 
sufficient for our proofs. 

Lemma 4.5. Let v < K. We set {xn,n > 0) a sequence of real numbers with Xq = 0 such that 
suPngN a^i+i — Xi < K. For all m < n, if Xn > (n — m)v + Km, then there exists i < n — m such 
that for all j < m, xt+j — Xi > vj. 

Proof. Let (x„) be a sequence verifying supjgfij Xi+i — Xi < K. We assume that for any i < n — m, 
there exists ji < m such that Xi+j.^ — Xi < vji. We set ctq = 0 and Ufe+i = jo-k- By definition, we 
have 

k+1 : 

thus, for all fc > 0, x^^ < CkV. Moreover, as (ak) is strictly increasing, with steps smaller than m, 
there exists fco such that ako S [n — m,n\. We conclude that 

Xn < Xn - Xa^g + x^,,^ < K{n - tTfeg) + vako < Km + (n - m)v. 

□ 


Using Lemma 14.51 and Theorem 13.11 we bound from above the maximal position at time N‘^. 

Lemma 4.6. Under the assumptions of Theorem \l.ll let be a N-BRW with reproduction law 
C starting from NSq. For any e e (0,1/2), for any N >\ large enough, we have 


P (ccj/yej (1) > -(1 - 2s)vnN^'^ < tv 
Proof. Let e G (0,1) and 0 > 0. By (13.511 . 


lim sup — log g 

n —>-+130 


(1 - e)a 


,a(i 


.an] ^ 0 

e)— <-^- 

Cl 


We set 

f 9 (logiV)“+i 

L*{\ogN) ■ 

For any e > 0, there exists 9 > 0 large enough such that g{mjs[, (1 — s)vn) < iV“U+2e) fQj- 
> 1 large enough. 

We set n = [N^\. Observe the Ai-BRW of length n is built with nN independent point processes 
of law C satisfying If L is a point process with law C, we have 


P(max L > x) <F 


e^ > 


< 


Setting AT = (1 + 2e) log AT, the probability there exists one individual in the AT-BRW alive before 
time n that made a step larger than K is bounded from above by 1 — (1 — < AT“®. 

We now consider the path of length n that links an individual alive at time n at position x^ (1) 
with is ancestor alive at time 0. We write y^(k) for the position of the ancestor at time k of this 
individual. With probability 1 — N~^, this is a path with no step greater than K. As for AT > 1 
large enough, we have —(1 — 2e)vffn > —(n — mAr)(l — £)vn + Km^- By Lemma 14.51 for any 
AT > 1 large enough we have 


{Vfc < n,y^(k Fl)-y^ (fc) < K} U {x^ (1) > -(1 - 2e)nNn} 

C {3j < n - TOjv : Vfc < mN, Vn (j + k) - yn (j) > -(1 - £)'^Nk} . 
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Consequently if (1) > —(1 — 2e)i/jvn, there exists an individual in the A^-BRW that has a 
sequence of descendants of length uin staying above the line of slope —(1 — £)vn. This happens 
with probability at most nNgijriN, (1 — £)vn)- We conclude from these observations that for any 
e > 0 and IV > 1 large enough 

P (a;^(l) > - 2e)n) < CIVC 


□ 


Proof of the upper bound of Theorem We observe that the maximal displacement at time n in 
the iV-BRW is bounded from above by the maximum of N independent branching random walks. 
By (12.41) . for any y > 0 and n G N we have P(a;^(1) > y) < Ne~y. 

Moreover, as (1)) is a subadditive sequence, for all p > 1 we have 




lim sup 

n—¥-\-oc ^ 


< E 


<(i) 


a.s. 


For any e > 0 and y > 0, setting p = we have 


vn <E 


therefore 


<(i) 




■E 


<(i) 




-E 


<(i) 


p ^{a;"(i)<-p(i-E)i^iv} 


r+oc 

VN< P {xp (1) > pz) dz + yP [xp (1) > -p(l - e)i/w) - (1 - £)’^n 
dy 

<Ne~^ ' ^ “ (1 “ £)vn- 


Letting iV —)• +oo then e —> 0, we conclude that 


?;Ar(log7V)“ 

hm sup ——T-- < —C . 

AT^+oo L*(logiV) 


□ 


4.4 The lower bound 


To bound from below the position of the leftmost individual in the WBRW, we prove that with 
high probability, there exists a time k < such that x^(N) > —kvN- We use these events as 
renewal times for a particle process that stays below the iV-BRW. 

Lemma 4.7. For any A > 0 and any e > 0 small enough, there exists (5 > 0 such that for all 
N > I large enough, 

P (^Vn < ^ (N) < < exp (-iV^) . 


Proof. For TV g N and A > 0, we set m^v 


A 


(logAr)°+^ 
L* (log AT) 


Let £ > 0, by we have 


lim inf --— 

Ar^.+oo logAl 


logy(TOiv, (1+ e)^Ai) >-(1+ e) “ >-!• 


Consequently for any £ > 0, for any (5 > 0 small enough we have g{mN, (1 + £)vn) > for any 

TV > 1 large enough. 

Let L be a point process with law C. There exists i? > 0 such that 'Kfff {I £ L ■. I > —R}) > 1. 
We consider the branching random walk in which individuals that cross the line of slope —R are 
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killed. By standard Gallon-Watson processes theorj0, there exists r > 0 and a > 0 such that 
for any > 1 large enough the probability there exists more than N individuals alive at time 
[alogiVj in this process is bounded from below by r. Thus for all iV > 1 large enough, the 
probability there exists at least TV -|- 1 individuals alive at time uin + [alogiVJ in a branching 
random walk in which individuals that cross the line of slope —i^Ar(l -I- 2e) are killed is bounded 
from below by rg{mN, (1 -I- e)vN). 

We set Bn = {Vn < rriN + [alog < —nz^Ar(l -I- 2e)}. By Corollary 14.21 the A^-BRW 

can be coupled with N independent branching random walks starting from 0, in which individuals 
below the line of slope — :^Ar(l -I- 2e) are killed, in a way that on Bn, is above the branching 
random walks for the order The probability that at least one of the branching random walks 
has at least A^ -I- 1 individuals at time tun + [alogATJ is bounded from below by 

1 - (1 - rg{mN, (1 + s)vn))^ > 1 - exp(-TG^/^), 


for any A^ > 1 large enough. On this event, the coupling is impossible as has no more that N 
individuals alive at time N, thus Bn is not satisfied. We conclude that P(Siv) < . □ 


Lower bound of Theorem \l.l\ The proof is based on a coupling of the A'^-BRW X^ with another 
particle system , in a way that for any n S N, ^ X^. Let (T^, j < N,n>0) he an array 
of i.i.d. point processes with law C. We construct X^ such that represents the set of children 
of the individual (j), with X^ = NSq. By Lemma ITTl for any e > 0 small enough, there exists 


(5 > 0 such that setting rriN 


(logAf)°+i 
L* (log AT) 


J , for any A^ > 1 large enough we have 


P (Vn < rriN, x^(N) < —n(l -I- e)vN) < exp (—A^'^) ■ 

We introduce Tq = 0 and Y^^ = NSq. The process Y^ behaves as a A^-BRW, using the same 
point processes (L^) as X until time 

Ti = min (niN, inf {j > 0 : yf{N) > -ji'Nif + e)}) • 


We then write i.e. just after time Ti, the process Y^ starts over at time from 

its leftmost individual. For any A: S N, the process behaves as a A^-BRW between times and 

Tfe+i, defined by 


Tk+i =Tk + min {mN, inf {j > 0 : yr^+jiN) - y^^ (N) > -jvN{l + e)}) • 


By construction, for any k we have Y/^ =4 X^ a.s. and in particular y^ (N) < x^ {N). 
As (Tfc — Tk-i, A: > 1) is a sequence of i.i.d. random variables, Lemma SH] leads to 


J.N 

lim = E,{Ti)vn a.s. 

n->-|-oo k 


Moreover, as {yp^{N) — yT^_^{X), A: > 1) is another sequence of i.i.d. random variables, by law of 
large numbers we have 

lim = E{yP {N)) a.s. 

n->-+oo k ^ 

Combining these two estimates, we have vn > *'ie'(Ti) • 

We now compute 


E(y^((iV)) = E +E 

= E ( —-I- £)Ti\{Ti<mN}) + {VTi (-^)l{Ti=mN}) 
> —VN{f + e) E(ri) -I- E 

^See e.g., [TTI . 
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Note that for all j < Ti, we have . Moreover, by Corollary 14.21 we may couple 

with a N^-BRW X in which individuals make only one child, with a displacement of law maxL. 
Consequently, we have 


VtAN) > 



a.s. 


which leads to 


Vn ^ 


]E(Ti) 


E 



Using the Cauchy-Schwarz inequality and (11.101) . we have 


E 


l{Ti ^mAt} 


> -C{NmN)^^^V (Ti = . 


We apply Lemma 14.71 and let N +oo then e ^ 0 to prove that 

^ ?;Ar(logfV)“ ^ ^ 

hmmt ——r, -—^ > —C*. 

Af^+oo L*(logA^) 


□ 
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